With the increasing wealth of high-quality astronomical and cosmological data and the manifold departures from General Relativity in principle conceivable, the development of generalized parameterization frameworks that unify gravitational models and cover a wide range of length scales and a variety of observational probes to enable systematic high-precision tests of gravity has been a stimulus for intensive research. A review is presented here for some of the formalisms devised for this purpose, covering the cosmological large-and small-scale structure, the astronomical static weak-field regime as well as emission and propagation effects for gravitational waves. This includes linear and nonlinear parametrized post-Friedmannian frameworks, effective field theory approaches, the parametrized post-Newtonian expansion, the parametrized post-Einsteinian formalism as well as an inspiral-merger-ringdown waveform model among others. Connections between the different formalisms are highlighted where they have been established and a brief outlook is provided for general steps towards a unified global framework for tests of gravity and dark sector models.
Introduction
With the great volume of modified gravity, dark energy, and dark sector interaction models that have been proposed as extensions to General Relativity (GR) and the Standard Model, 1-7 the development of a more systematic approach to explore their astronomical and cosmological implications has been and continues to be of prominent interest. The parametrized post-Newtonian (PPN) 8, 9 expansion fulfills this purpose for astrophysical phenomena amenable to a low-energy static approximation, and stringent model-independent constraints have been inferred using this formalism, particularly from employing observations in the Solar System. 10 The PPN expansion, however, is not straightforwardly applicable to gravitational modifications endowed with screening mechanisms 3, 6 and corresponding generalizations have only been developed more recently.
More crucially, the formalism is not suitable for evolving backgrounds such as encountered in cosmology. Inspired by the successes of PPN, the development of an equivalent counterpart formalism on cosmological scales has therefore been the objective of intensive research. The frameworks devised for this purpose are generally referred to as parametrized post-Friedmannian (PPF) formalisms, [13] [14] [15] [16] [17] a term that has been coined by Ref. 18 , and particularly adopted for the formalisms of Refs. 17 and 19 . They aim at providing a consistent generalized description for the gravitational effects in the cosmological background and formation of structure. At the level of linear cosmological perturbations, this comprises both purely phenomenological parametrizations 13-17, 20, 21 as well as theoretically more constrained effective field theory (EFT) [22] [23] [24] [25] [26] [27] [28] [29] [30] approaches. Eventually linear theory fails in describing the cosmological structure below a few tens of Mpc. Together with the screening effects, this severely complicates performing generalized and consistent parametrized tests of gravity. However, a number of approaches have been developed to access the nonlinear scales, including generalized cosmological perturbation theory, [31] [32] [33] [34] [35] [36] [37] [38] [39] interpolation functions bridging the modified and screened regimes, 17, 40 parametrizations of screening mechanisms combined with nonlinear structure-formation models, 41, 42 or a unified parametrization of the Lagrangian for a class of modified gravity models.
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Further approaches to extending the PPN formalism to both linear and nonlinear cosmological scales have been pursued with patching together post-Newtonian expansions in small regions of spacetime to a parametrized post-Newtonian cosmology (PPNC) 43 or by performing a post-Friedmannian expansion of the cosmological metric in powers of the inverse light speed in vacuum, 44 which however remains to be extended for parametrized gravitational modifications.
With the dawn of gravitational wave astronomy heralded by the LIGO and Virgo detections, 45, 46 powerful new tests of gravity are being facilitated. Effects of modifying gravity can both manifest in the emitted waveforms by modifications at the source [47] [48] [49] [50] [51] [52] but also in the observed waveforms entering through effects on the propagation of the wave. 53, 54 Cosmological propagation effects are well described by the PPF or EFT formalisms whereas source modifications can be captured by a parametrized post-Einsteinian (ppE) 47 framework and the generalized inspiral-merger-ringdown waveform model. 48 The gravitational effects in the different formalisms can also be unified, 55 where however an incorporation of screening mechanisms remains to be elaborated.
This article reviews the different frameworks that have been developed to parametrize gravitational effects for different astrophysical probes and scales and discusses connections between the formalisms where they have been elaborated, also providing an outlook for how such connections may be established where they are currently missing. Sec. 2 first reviews the PPF framework. It addresses the evolution of the cosmological background in Sec. 2.1 with parametrizations of dark energy 56, 57 and a classification of genuine self-acceleration from modifying gravity. 54 from the modified large-scale structure with the growth-index parametrization, 20, 21 closure relations for modified linear perturbations, [13] [14] [15] [16] [17] and EFT to the modified gravitational wave propagation and the choice of time and scale dependence in the parametrized modifications. Parametrizations of modified gravity effects on the nonlinear cosmological structure are reviewed in Sec. 2.3, separating the weekly and deeply nonlinear regimes. Sec. 3 is devoted to the PPN formalism, briefly reviewing the post-Newtonian expansion in Sec. 3.1, the parametrization of modified gravity effects on this expansion in Sec. 3.2, and the incorporation of screening mechanisms in Sec. 3.3. The parametrization of gravitational waveforms is addressed in Sec. 3.4 and a brief overview of further parametrizations for tests of gravity is given in Sec. 4 . Finally, a summary of the article and a brief outlook for the field is presented in Sec. 5 .
The following conventions will be adopted: the metric signature is −+++, primes denote derivatives with respect to ln a unless indicated otherwise, scalar perturbations of the Friedmann-Lemaître-Robertson-Walker (FLRW) metric are defined in Newtonian gauge as Ψ ≡ δg 00 /(2g 00 ) and Φ ≡ δg ii /(2g ii ), bold mathematical symbols denote spatial vectors, and the speed of light in vacuum is set to unity unless otherwise specified.
Parametrized Post-Friedmannian Frameworks
In order to enable generalized analyses and observational tests of the cosmological effects of modified gravity and dark energy, extensive efforts have been invested in the development of a cosmological counterpart formalism to the static PPN expansion. The different PPF approaches aim at consistently unifying the description of generalized modified gravity and dark energy effects in the cosmological background evolution as well as the linear and nonlinear cosmological structure formation. A further connection to the cosmological effects on the propagation of gravitational waves has also become desirable with the increasing amount of gravitational wave data.
The background evolution in the PPF formalism is addressed first in Sec. 2.1. Sec. 2.2 then discusses the linear perturbation regime, both for large-scale structure and gravitational wave propagation. Finally, recent progress towards an extension of the linear PPF formalism to the nonlinear regime of cosmological structure formation is reviewed in Sec. 2.3.
Background cosmology
Modifications of gravity or dark energy models that differ substantially from a cosmological constant can affect the geometry of spacetime in an observable manner. At the background level the two extensions to standard cosmology can however not be distinguished in general. They therefore share a parametrization for their effects on the expansion history, often characterized by the dark energy equation of state w(t). Sec. 2.1.1 briefly discusses the most common parametrization for w(t).
Much of the motivation for modifications of gravity on cosmological scales has been drawn from offering an alternative explanation to dark energy or the cosmological constant as the driver for the observed late-time accelerated expansion of our Universe. Sec. 2.1.2 provides a discussion of the state of cosmic self-acceleration due to genuine modifications of gravity from a parametrized perspective.
Dark energy equation of state
The evolution of a spatially-flat homogeneous and isotropic cosmological background is to full generality described by only one free function of time, the scale factor a(t) of the FLRW metric, or equivalently by the Hubble parameter H(t) ≡ a −1 da/dt. The contribution of a general dark energy, modified gravity, or dark sector interaction model on this evolution can be characterized in terms of an effective fluid with energy-momentum tensor At the background level, the effective fluid is fully specified by its energy densitȳ ρ(t) = −T 0 eff 0 and pressurep(t) = T i eff i , which can be parametrized by the equation of state w(t) =p(t)/ρ(t). For the cosmological constant Λ, the two relate asp Λ = −ρ Λ with w = −1. For generic dark energy models, however, the equation of state departs from that value. For instance, in quintessence models 59, 60 −1 < w(t) ≤ 1 and for a choice of w(t) remaining in this regime, one can always find a scalar field potential that reproduces the desired equation of state. More exotic dark energy models are required in order to cover the phantom regime w < −1. This can for instance be achieved with an additional coupling of the scalar field to the metric or matter components. Generally, one finds
which follows from energy conservation, whereρ 0 denotes the energy density today. The most common approach to parametrizing deviations from ΛCDM in the cosmological background is to adopt the Chevallier-Polarski-Linder 56, 57 (CPL) equation of state
This relation is tested with geometric probes of the expansion history. It is also directly tested with the growth of structure if restricting to quintessence models. Any observational sign of a departure from w = −1 or w a = 0 would provide evidence against ΛCDM. With the parametrization in Eq. (2), Eq. (1) simplifies tō
More generally, the functional dependence of the dark energy equation of state w(a) can be explored within a principal component analysis (PCA). 61 Often, how-ever, in explorations of the effects of parametrized modifications of gravity a cosmological background is assumed that is instead equivalent to concordance cosmology (w = −1). This approach is usually observationally motivated and adopted to separate tests of the growth of structure from the background evolution. But it can also be motivated in view of some modified gravity models, for instance, chameleon gravity, where viable models produce w ≈ −1.
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2.1.2. Genuine cosmic self-acceleration before/after GW170817
Traditionally, modifications of gravity in the cosmological context have been motivated as alternative to the cosmological constant or dark energy as explanation for the late-time accelerated expansion. Besides introducing a dark energy potential or cosmological constant, the accelerated expansion can instead arise from the kinetic terms of a dark energy field as for instance in k-essence models. 66 Such a kinetic selfacceleration furthermore emerges in Kinetic Gravity Braiding models 67 or the cubic Galileon 68 model, but these can be viewed as imperfect dark energy fluids that, for instance, do not change the propagation of gravitational waves (see Sec. 2.2.4). A modification of this propagation may in contrast be motivated as a requirement for a genuine modification of gravity. 69 We shall therefore briefly explore how a cosmic acceleration can arise in modified gravity that does not rely on kinetic or potential energy contributions of a new field but can genuinely be attributed to an intrinsic property of the modified gravitational interactions.
In Ref. 70 , it was argued that for cosmic acceleration to be genuinely attributed to a modified gravity effect there should be no accelerated expansion in a frame where the modified field equations have been transformed into the Einstein field equations. Cosmic acceleration should otherwise be ascribed to a dark energy contribution instead. Note that the background evolution in this frame is described by the standard Friedmann equations for some exotic non-minimally coupled matter sector. This classification can be applied to effective field theory (Sec. 2.2.3) with an effective conformal (or pseudo-conformal) transformation Ω(t) that connects the two frames defined at the cosmological background, 54 absorbing contributions from both conformal and disformal factors at the non-perturbative level.
a One then finds that genuine self-acceleration should imply
where tildes indicate quantities in the transformed frame. furthermore be shown that
where G eff is an effective gravitational coupling and c T denotes the speed of gravitational waves. These can generally both evolve in time. Hence, genuine cosmic self-acceleration is either due to a change in the strength of gravity or in its speed, assuming that the speed of light in vacuum remains constant. Since cosmic acceleration is an order unity effect on the cosmological background dynamics, if due to modified gravity, one would naturally expect an effect of similar strength on structure formation. Importantly, however, the modifications in c T and G eff can cancel out in the observed structure. This can for instance occur in Horndeski gravity 72 when
or when this relation holds approximately within the observational uncertainties. Here, ∆G eff ≡ G eff − G and α B describes the braiding effect between the kinetic contributions of the scalar and metric fields. Specifically, the condition (6) follows from imposing a standard Poisson equation and the absence of effective anisotropic stress, which will be discussed in more detail in Sec. 2.2.3 (see Eq. (21) in particular). Importantly, a direct measurement of the gravitational wave speed c T breaks the degeneracy implied by Eq. (6).
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The recent gravitational wave observation GW170817 74 with LIGO & Virgo emitted by a neutron star merger in the NGC 4993 galaxy and the wealth of nearsimultaneous electromagnetic counterpart measurements constrains the relative deviation between the speeds of gravity and light at O(10 −15 ). 75 With anticipation of this event and bound, 54, 76 implications on cosmic self-acceleration from modified gravity from such a measurement were first analyzed in Refs. 54 and 58 (see Sec. 2.2.4 for further discussions on the speed of gravitational waves). In particular, c T ≃ 1 implies that self-acceleration must be due to an evolving G eff from Eq. (5) and that the order unity effect of the gravitational modification can no longer hide in the cosmic structure due to Eq. (6). 54 Ref. 58 then showed that in this case the minimal modification of gravity required for self-acceleration in the Horndeski framework (Sec. 2.2.5) provides a 3σ inferior fit to current cosmological data than the cosmological constant. The tension is mainly attributed to the cross correlations of the integrated Sachs-Wolfe (ISW) effect in the cosmic microwave background (CMB) temperature anisotropies with foreground galaxies and cannot be evaded with screening mechanisms. Moreover, a rescaled constraint is also applicable to theories where a self-acceleration could emerge from a self-interaction in the dark matter, which would not affect the baryonic components and Solar System tests.
It should, however, be noted that dark energy fields embedded in the Horndeski theory are still viable candidates to explain the late-time acceleration. Such fields may also naturally be expected to couple to matter but the corresponding modification of gravity cannot be the main driver for cosmic acceleration. This also removes a preferred scale for the strength of the coupling. However, a modification of gravity with a Hubble scale deviation from GR may also be a remnant of a mechanism that tunes the cosmological constant to its observed value, which would indirectly govern cosmic acceleration. Finally, it is also worth noting that the dark degeneracy reappears in more general theories than Horndeski gravity, 73 which again allows self-acceleration to be hidden in the large-scale structure and evade the tension in galaxy-ISW cross correlations. The minimal gravitational modification that is necessary in general scalar-tensor theories to produce genuine cosmic self-acceleration 58 is, however, expected to leave a 5σ tension in Standard Sirens tests since the gravitational waves are not affected by the degeneracy 54 (Sec. 2.2.4).
Linear cosmology
In addition to the cosmological background evolution, modifications of gravity or exotic dark energy models can manifest in the linear fluctuations around that background. The incurring effects are manifold and extensive efforts have been devoted to establish general parametrization frameworks for the linear cosmological perturbation theory of modified gravity and dark energy models. 
whereγ ≈ 6/11 and Ω m (a) ≡ κ 2ρ m /(3H 2 ). In many modified gravity theories or dark sector interaction modelsγ departs from this value. 21 Measurements ofγ therefore serve as a consistency test of GR, comparing measurements of geometry and growth (also see Refs. [77] [78] [79] . While observationally useful, it is often not a very natural parametrization to encompass the wealth of possible modified gravity and dark interaction models, andγ should generally be a non-trivial time and scale dependent function.
Moreover, the growth index parametrization is incomplete. It does not uniquely specify the linear cosmological fluctuations unless additional assumptions are made for how the perturbations relate. Specifically, while it parametrizes the growth of structure, the weak gravitational lensing caused by that structure can differ between models. Furthermore, the definition made in Eq. (7) does not capture violations of the conservation of comoving curvature (see Eq. (10) in Sec. 2.2.2) encountered at near-horizon scales once departing from ΛCDM. The growth-index parametrization can, however, be completed by connecting it, for instance, to the closure relations discussed in Sec. 2.2.2 with an additional parametrization for the evolution of the comoving curvature ζ. 80 Alternatively, Eq. (7) can be reinterpreted as the velocityto-density ratio F ≡ −k H V m /∆ m , which absorbs the evolution of ζ and reduces to f on subhorizon scales k H ≫ 1 (see Eq. (10) 81, 82 where k H ≡ k/(aH).
Closure relations for linear perturbations
Upon revisiting the effective energy-momentum tensor T µν eff defined in Sec. 2.1.1, which is associated with the extra terms encountered in a modified Einstein field equation, one can educe that because of the Bianchi identities and the energymomentum conservation of the matter components, it must also hold that ∇ µ T µν eff = 0. Hence, the usual cosmological perturbation theory can be applied. This implies four fluctuations each in the metric and the energy-momentum tensor. Four of those are fixed by the Einstein and conservation equations and another two are fixed by the adoption of a particular gauge. Hence, one is left with two undetermined relations, which requires the introduction of two closure relations that are specified by the particular modified gravity or dark energy model. This then closes the system of differential equations determining the cosmological perturbations. In practice, the two closure relations are designed such that the effective fluid mimics the relations between the metric and matter fluctuations of the model in question. This is typically done through the introduction of an effective modification of the Poisson equation and a gravitational slip, or effective anisotropic stress,
respectively (also see Refs. [83] [84] [85] , where the comoving gauge is adopted here for the matter perturbations. ΛCDM is recovered for µ = γ = 1. Alternatively, a range of combinations of these equations are used to define the two closure relations with a variety of symbols used as notation for the effective modifications (see Tab. 1 in Ref. 84 for relations between some of them). It is also worth noting that in modified gravity theories µ and γ are generally only taking on a simple analytic form in the subhorizon limit. At superhorizon scales (k H ≪ 1) the evolution of the perturbations needs to be absorbed into the effective modifications, which may instead more naturally be described as an extra summand in the Poisson equation. 17 In this article Eqs. (8) and (9) will be adopted for all scales. The system determining the evolution of the scalar modes is then closed by the energy-momentum conservation equations,
where ζ ≡ Φ − V m /(kH) denotes the comoving curvature (see Ref. 86 for how a breaking of the conservation equations can be tested independently of µ and γ).
At subhorizon scales ζ ′ can be neglected in the energy conservation equation and together with momentum conservation and Eq. (8), it follows that
which determines the growth of structure. More generally, Eq. (12) can be written as a first-order nonlinear differential equation for F without adopting a subhorizon approximation, 82 which then reduces to an equation for f when k H ≫ 1 (Sec. 2.2.1). The gravitational slip parameter γ quantifies a deviation of the lensing potential 1
from the Newtonian potential Ψ governing the gravitational dynamics. This is in analogy to the parametrized post-Newtonian parameter γ in Sec. 3. The gravitational lensing due to a matter distribution is then determined from the Poisson equation of the potential in Eq. (13) with the effective modification replaced by the combination Σ ≡ 1 2 (1 + γ)µ. The effective modifications µ and γ are generally time and scale dependent, and some frequently adopted parametrizations shall briefly be inspected in Sec. 2.2.5.
Finally, it is worth noting that at superhorizon scales, the equations of motion also simplify. More specifically, from diffeomorphism invariance, metric gravitational theories with energy-momentum conservation satisfy the adiabatic fluctuations of a flat universe with comoving curvature conservation ζ ′ = 0 in the limit of k → 0.
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It then follows from momentum conservation that
such that γ and H determine the evolution of the potentials. This can be used to map modified gravity and dark energy models onto the effective fluid modifications in Eqs. (8) and (9) using the evolution of their perturbations in the super-and subhorizon limits.
17, 81, 82
Effective field theory of dark energy and modified gravity
A more systematic approach to covering the range of possible dark energy and modified gravity models than by introducing two free effective functions of time and scale is through the effective field theory of cosmic acceleration (EFT) [22] [23] [24] [25] [26] [27] [28] [29] [30] (also see Refs. [88] [89] [90] . The gravitational action is written here in unitary gauge, where the time coordinate absorbs a scalar field perturbation in the metric g µν , and is built from the combination of geometric quantities that are invariant under timedependent spatial diffeomorphisms. Those quantities are then assigned free timedependent coefficients. To quadratic order, describing the cosmological background evolution and linear perturbations of the model space, one obtains in the low-energy limit
adopting the notation of Ref. 73 . R and R (3) are the four-dimensional and spatial Ricci scalars, K µν denotes the extrinsic curvature tensor, n µ is the normal to constant-time surfaces, and δ indicates perturbations around the background. ΛCDM is recovered for Ω = 1, constant Λ, and all remaining coefficients vanishing. For quintessence models, Ω = 1 with Λ and Γ describing the scalar field potential and kinetic terms. M 2 2 = 0 is introduced in k-essence andM 1 = 0 in the cubic Galileon and Kinetic Gravity Braiding models. All the coefficients except for m 2 are used to embed Horndeski theories, however, with the restriction that
The second condition ensures the restriction to secondorder spatial derivatives in the equations of motion with 2M 2 =M 2 2 in beyondHorndeski theories. 26 Finally, m 2 = 0 is introduced in Lorentz covariance violating Hořava-Lifshitz gravity.
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There is a total of nine coefficients in the action (15) , where the scale factor a(t) or the Hubble parameter H of the spatially homogeneous and isotropic background adds a tenth function. For simplicity spatial flatness and a matter-only universe with pressureless dust will be assumed here. The Friedmann equations,
following from variation of the action with respect to the metric, then provide two constraints between the first three background coefficients in Eq. (15). Hence, for specified matter content and spatial curvature, the space of dark energy and modified gravity models embodied by Eq. (15) can be characterized by eight free functions of time. In particular, the cosmological background evolution and linear perturbations of Horndeski theories is described by five coefficients only.
Similarly to Eq. (15), the effective action can also be built from the geometric quantities that can be introduced in an Arnowitt-Deser-Misner (ADM) 3+1 decompostion of spacetime with the uniform scalar field hypersurfaces as the constant time hypersurfaces. 26, 28 Variation of the action then defines an equivalent set of functions describing the cosmological background as well as the scalar and tensor modes of the perturbations. The formalism separates out the expansion history H as the free function determining the cosmological background evolution, which relates to Ω, Γ, and Λ through Eqs. (16) . The linear fluctuations of Horndeski scalar-tensor theories are then characterized by four time-dependent functions: the kineticity
2 ) that parametrizes the contribution of a kinetic energy of the scalar field; the evolution rate of the gravitational coupling
2 ) describing the braiding or mixing of the kinetic contributions of the scalar and metric fields; and the alteration in the speed of gravity
Additional terms are introduced if generalizing the formalism to include further higher-derivative scalar-tensor terms, for instance the beyond-Horndeski function
, 26 or encompass vector-tensor and tensor-tensor theories. 30 The formalism has also been extended to encompass more general dark sector interaction models.
71 ΛCDM is recovered when α i = 0 ∀i.
The perturbed modified Einstein and scalar field equations as well as a reduced system of differential equations in this formalism can be found in Refs. 28 or 82. In particular, in Horndeski gravity (α H = 0) at subhorizon scales, time derivatives of the metric potentials and large-scale velocity flows can be neglected with respect to spatial derivatives and matter density fluctuations. At leading order in k, one obtains for the effective modifications
where α ≡ 6α 2 B + α K and the sound speed of the scalar mode is
(19) One finds that α K , and hence M 4 2 , does not contribute in the subhorizon limit, but it can give rise to a clustering effect on very large scales. 73 Importantly, when α H = 0, the velocity field and time derivatives contribute at leading order in the subhorizon limit of the field equations such that a quasistatic approximation of µ and γ becomes inaccurate without additional information on the growth rate of matter density fluctuation f or time derivatives of Φ and ζ.
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Stability of the background cosmology to the scalar and tensor modes requires
which also implies α > 0.
Finally, it should be noted that there are more free functions in the theory space spanned by the coefficients in Eq. (15), or H and α i , than what can be measured by geometric probes and large-scale structure observations. In particular, this allows for a model space that is degenerate with ΛCDM, 73 producing the same expansion history and linear scalar fluctuations as standard cosmology despite α i = 0, which also contains genuinely self-accelerated models (Sec. 
where self-acceleration is produced at late times for
As we shall see next, testing the modifications in the propagation of gravitational waves breaks the degeneracy in Eqs. (21) and (22).
Cosmological propagation of gravitational waves
With the direct detection of gravitational waves, further constraints on linear cosmological modifications of gravity can be obtained from their effects on the propagation of the wave. A parametrization for these modifications was introduced in Ref. 53 with the wave equation
where h ij ≡ g ij /g ii is the linear traceless spatial tensor perturbation. In addition to a possible impact on the expansion history H, the gravitational modifications are characterized by the Planck mass evolution rate ν, the speed of the wave c T , the mass of the gravitonμ, and the source term Γγ ij . The modifications can generally be time and scale dependent. GR is recovered in the limit of ν =μ = Γ = 0 and c T = 1. The effects of these modifications on the gravitational waveform have been studied in detail in Ref. 55 , where also the connection to parametrizations in the strong-field regime have been considered (see Sec. 3.4). Vector-tensor theories, for instance, can introduce c T = 1 with ν =μ = Γ = 0, and bimetric massive gravity producesμ = 0, Γγ ij = 0, ν = 0, and c T = 1. 53 Here, we shall focus on scalar-tensor theories, which are described by ν = α M , c 2 T = 1 + α T , andμ = Γ = 0, directly relating the modifications in the propagation of the wave to the modifications in the large-scale structure (Sec. 2.2.3) as well as the modifications required for a genuine self-acceleration effect in Eq. (22) . Particular attention has been given to constraints on c T . For instance, the observation of ultra high energy cosmic rays implies a strong constraint on gravitational Cherenkov radiation from a subluminal propagation of the waves as otherwise the radiation would decay at a rate proportional to the square of their energy O(10 11 GeV)
and not reach Earth. 93, 94 For galactic O(10 kpc) or cosmological O(1 Gpc) origin, the relative deviation in c T is constrained to be smaller than O(10 −15 ) or O(10 −19 ), respectively. The constraint is, however, only applicable to subluminal deviations. Conservatively, the effect could furthermore be screened in case of galactic origin and the constraints inferred from the short wavelengths of the gravitational waves may generally not be applicable to the low-energy effective modifications considered in the cosmological background and large-scale structure. 54, 95, 96 The first caveat is evaded by bounds on the energy loss in pulsars, which constrains both subluminal and superluminal deviations in c T at the subpercent level for Horndeski theories that rely on Vainshtein screening. 95, 97 In particular this implies the inviability of Galileon theories 54 if combined with deficiencies in the large-scale structure 98 such as an observational incompatibility of galaxy-ISW cross correlations, 98-100 provided the applicability of the cosmological time variation of the scalar field at the binary system. However, binary pulsars may conservatively still be considered screened by other shielding mechanisms for more general theories. Both the first and second caveat can be avoided by a direct cosmological measurement of c T over linear, unscreened distance scales.
It was first anticipated in Refs. 76 and 54 that a constraint on the relative deviation between the speeds of gravity and light of O(10 −15 ) should be obtained from the comparison of the arrival times between a gravitational wave measured in LIGO & Virgo and the electromagnetic counterparts emitted by a neutron star merger or a merger between a neutron star and a black hole. This is a direct consequence of resolution of the detectors limited to O(100 Mpc) for such an event and from higher likelihood of an event at larger volume with larger distances as well as emission time uncertainties of O(1 s). It was also estimated that a few such events with simultaneous signals should be expected per year of operation of the detectors. Such a measurement has recently been realized with GW170817
74 and the wealth of counterpart observations, 75 providing a constraint in agreement with the predictions of Refs. 76 and 54. In particular, for Horndeski theory the nearly simultaneous arrival implies a breaking of the degeneracy in the large-scale structure with α T ≃ 0 and that a genuine cosmic self-acceleration effect is incompatible with the observed cosmic structure 54, 58 (Secs. 2.1.2 and 2.2.3). Specifically, tensions arise in the observed galaxy-ISW cross correlations that directly test the evolving gravitational coupling α M yielding self-acceleration through its impact on the evolving gravitational potentials. Furthermore, c T = 1 implies G 4X = G 5 = 0 in the Horndeski Lagrangian, first pointed out in the context of the gravito-Cherenkov constraints 101 and discussed for the arrival time measurements in Ref. 102 .
b Finally, it is also b Note that while a constant G 5 does not modify c T , its contribution to the action can be removed by integration by parts and can therefore be considered vanishing. It can furthermore be combined with a constant G 3 to form the unique divergence-free tensor that can be contracted with ∂ µ φ∂ ν φ, i.e., the Einstein tensor Gµν from L 5 with the contribution of Λgµν from L 3 , and that can hence be removed by integration by parts.
worth noting that the GW170817 constraint arises from a merger in the NGC 4993 galaxy of the Hydra constellation at z = 0.01. While applicable for tests of cosmic self-acceleration, operating in the same redshift regime, the speeds of gravity and light may not necessarily be equal at higher redshifts, also unleashing the possibility of a dark degeneracy in the high-redshift cosmic structure. Further constraints on c T have been discussed as forecasts for arrival time comparisons with supernovae emissions, 53, 54, 76, 97 which however are limited to galactic events that may be screened and are limited to a low rate of a few events per century. LIGO black hole mergers 103 or the comparison between the arrival times of the waves in the detectors 104 only provide weak constraints on c T . Forecasts have also been discussed for eclipsing binary systems observable with the LISA detectors. 105 Finally, order unity bounds on c T can also be placed at early times from the B-mode power spectrum of the CMB.
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Besides the speed of the gravitational waves, further constraints can be inferred for the modified damping term in Eq. (23) 
55, 110, 111
GW170817 has provided the first Standard Siren, 112 yielding a constraint of ∼ 10% on H 0 . It was shown in Ref. 54 that percent-level constraints on the expansion history at low redshifts from Standard Sirens can yield a conclusive 5σ tension for the minimal modification in scalar-tensor theories necessary for a genuine cosmic self-acceleration (also see Ref. 58 ). This can be achieved either with LISA 113, 114 or possibly with LIGO, Virgo, and KAGRA before. Importantly, this constraint will also be applicable to theories beyond Horndeski gravity with α H = 0, where the dark degeneracy is reintroduced in observations of the large-scale structure, 73 preventing fully exhaustive and general conclusions without the use of gravitational wave measurements.
Parametrizing linear modifications
In Secs. 2.2.2-2.2.4, we have seen how a small number of effective modifications introduced with generalized frameworks for linear cosmological perturbation theory can enter as free functions of both time and scale in the computations of the forma-tion of large-scale structure and the propagation of gravitational waves. Here, we shall briefly discuss different choices that are frequently adopted for the time and scale dependence of the two closure relations in Sec. 2.2.2 as well as for the time dependent functions in the effective field theory formalism (Sec. 2.2.3).
For the closure functions µ(a, k) and γ(a, k) and equivalent expressions a range of simple expansions in the scale factor a and the wavenumber k, smoothly interpolated bins in a (or z) and k, or PCA tests have been adopted (see Ref. 
For local four-dimensional theories of gravity, where transfer functions depend on k 2 only, and restricting to at most second spatial derivatives in the equations of motion, the quasistatic µ and γ must then be described by five functions of time p i (t) only with
Generally, these functions are applicable at leading order as further, inverse powers of k can appear by accounting for time derivatives and reducing the modified Einstein and field equations to four equations of motion. 82 Note that a similar form to Eq. (24) for µ and 1 2 (1 + γ) was first proposed in Ref. 116 with p 4 and the analog of p 1 set to unity and power laws of a(t) adopted for the remaining p i . One can also notice the possibility of a large-scale modification of gravity with a small-scale ΛCDM limit of µ(k → ∞) = γ(k → ∞) = 1, which can for instance be tested on ultra large scales. 73, 81 Often, however, the small-scale limit is adopted, where the mass scale involved is assumed to be small, for instance for a gravitational modification driving cosmic acceleration, with the typical observational probes lying well in the subhorizon limit. Hence, in this case only time dependent modifications of µ and γ are considered but this does, for instance, not capture viable chameleon models.
Focusing on time-dependent modification only, similar parametrizations have been considered for µ(a) and γ(a) and the EFT functions in Sec. 2.2.3, for instance, power laws in a or a proportionality of the deviations p i to Ω DE (a)/Ω DE (a = 1), 117 where Ω DE (a) ≡ κ 2 ρ DE /(3H 2 ), in which case tests of µ and γ restrict to only two constants, p 3 (a = 1)/p 5 (a = 1) and p 2 (a = 1)/p 3 (a = 1).
Typically these modifications have been studied with vanishing modifications at early times (however, see, e.g., Refs. 80,106,107, and 118). Dropping the motivation of modified gravity as genuine alternative to dark energy, plausibly given the implications of c T = 1 for cosmic acceleration discussed in Secs. 2.1.2 and 2.2.4, one may argue that parametrizations should be generalized to include early-time effects. It is worth noting, however, that modifications of gravity may still be indirectly re-lated to cosmic acceleration, for instance, as a non-minimally coupled dark energy field or as a remnant of an effect that tunes the cosmological constant, preventing a vacuum catastrophe, in which case effects may still be expected at late times only. Contrariwise if focusing on aspects of direct cosmic self-acceleration, one may instead integrate out condition (4) to find the minimal running of the Planck mass or the speed of gravity required for a genuine self-acceleration from modifying gravity, using Eq. (22) . With c T = 1, one finds that
] is the scale factor at which the expansion of the late-time universe becomes positively accelerated, C ≡ 2H 0 a acc 3(1 − Ω m ), and χ denotes the comoving distance. M 2 min is then fully specified by a given expansion history, e.g., matching ΛCDM, and does not require an additional choice of parametrization for the time dependence of α M . To minimize the impact of the modification on the large-scale structure, it furthermore follows that α B = α M from Eq. (17) . 58 To quantify the amount of self-acceleration allowed by an observational dataset, one may then introduce the parametrization α M = λ α M,min with constant λ, where λ > 1 allows sufficient gravitational modification for self-acceleration, λ = 1 is the minimal scenario, λ < 1 needs an additional contribution from dark energy or a cosmological constant, λ = 0 corresponds to ΛCDM or GR, and λ < 0 corresponds to a scenario where the modification of gravity acts to decelerate the expansion and is counteracted by the introduction of dark energy or a cosmological constant.
Finally, it is worth noting that sampling general EFT or α i coefficients in comparison to observations can be an inefficient process if additionally imposing the stability of the theory with the criteria in Eq. (20) as not each sample is guaranteed to yield a stable model. Moreover the contours of the viable parameter space can as a consequence produce edges and leave ΛCDM in a narrow corner that may only be sparsely sampled and make a statistical interpretation of evidence against or in favor of an extended theory of gravity more difficult. Ref. 119 therefore argued that the functions to be sampled for the linear perturbations in EFT adopting α T = 0 should be M 2 , c 2 s , α > 0 in addition to a constant value for α B today or at an initial epoch. The α i functions can be reconstructed from these expressions, where it should be noted that c 
Nonlinear cosmology
The simple and generalized treatment of the cosmological background (Sec. 2.1) and linear perturbations (Sec. 2.2) for modified gravity and dark energy models enables consistent and efficient computations of the evolution of the background universe, the growth of large-scale structure from the Hubble scale to a few tens of Mpc, and the cosmological propagation of gravitational waves. However, the linear framework fails at describing structures at increasingly smaller scales, where there is a great wealth of observational data already available and becoming available with future galaxy surveys like Euclid 120 or LSST. 121 However, cosmological tests are difficult in the nonlinear regime and tests of gravity are additionally complicated in the presence of screening mechanisms. Nevertheless, a number of frameworks have been developed to extend the parametrized treatment of the effects of modified gravity to quasilinear scales with perturbation theory and interpolation functions (Sec. 2.3.1) as well as to perform a parametrization in the deeply nonlinear regime of cosmological structure formation using spherical collapse and halo model approaches (Sec. 2.3.2).
Weakly nonlinear regime
To describe the matter density fluctuations in a universe governed by a modified theory of gravity, Ref. 17 proposed a phenomenological extension of the linear parametrized post-Friedmann formalism (Sec. 2.2.2) for the modeling of the modified nonlinear matter power spectrum by
where P GR (k, z) and P non−GR (k, z) denote the nonlinear matter power spectra with background expansion of the modified model adopting either GR or the gravitational modification in the absence of screening. The weighting function Σ 2 (k, z) governs the efficiency of the screening, where c nl controls the scale of the effect and could also be time dependent. The weight
was adopted in Refs. 17 and 31 with P lin (k, z) denoting the linear power spectrum of the modified gravity model. The one-loop perturbations of Dvali-GabadadzePorrati 122 (DGP) and f (R) gravity 123 are well described by n = 1 and n = 1/3, respectively, with a c nl (z) that can be fitted to the computations. While the combination of Eq. (25) with the weighting function in Eq. (26) recovers P (k, z) at quasilinear scales to good accuracy, increasingly more complicated Σ 2 (k, z) need to be devised to reproduce power spectra from N -body simulations at increasingly nonlinear scales. 40 Alternatively, the combination of the spherical collapse model and the halo model (see Sec. 2.3.2) with linear perturbation theory and one-loop computations or a simple quasilinear interpolation motivated by c nl Σ 2 (k, z) provides an accurate description for P k 10 h Mpc −1 for a range of scalar-tensor theories.
63, 124, 125
The combination of generalized perturbative computations to one-loop order with a generalized modified spherical collapse model promises to be a good approach to designing a nonlinear extension to the linear parametrized post-Friedmannian framework. 41 The particulars are, however, still being developed. It is worth noting that for chameleon, symmetron, and dilaton models a generalized parametrization covering the linear and nonlinear scales has been developed in Ref. 32 (Sec. 4) and applied to the modeling of the nonlinear matter power spectrum.
124
Recently, there has been much progress on the further generalization of the computation of higher-order perturbations for modified gravity and dark energy theories (see, e.g., Refs. [33] [34] [35] [36] [37] [38] [39] . While for general modifications of gravity the next-order perturbations introduce new EFT coefficient to the ones discussed in Sec. 2.2.3, 37 it should be noted that for Horndeski theory these terms depend on G 4X and G 5 , 33, 36 which are vanishing due to the α T ≃ 0 constraint from GW170817 (Sec. 2.2.4) and hence do not expand the parameter space at second-order in the quasistatic perturbations.
Deeply nonlinear regime
The cosmological structure formation in the nonlinear regime can be studied with the spherical collapse model, where a dark matter halo is approximated by a spherically symmmetric top-hat overdensity with its evolution described by the nonlinear continuity and Euler equations from an initial condition to the time of its collapse. For a metric theory of gravity with a pressureless non-relativistic matter fluid, these equations become 20, 126, 127δ
where δ ≡ δρ m /ρ m , dots indicate derivatives with respect to physical time, and comoving spatial coordinates have been adopted. Combining these equations, one obtainsδ
For a spherical top-hat density with v = A(t)r of amplitude A and from the continuity equation, one finds
This yields the spherical collapse equation
from which one infers the evolution of a spherical shell at the edge of the top haẗ
where ζ(a) denotes the physical top-hat radius at a and we have used that mass conservation implies a constant M = (4π/3)ρ m (1 + δ)ζ 3 .
The particular choice of metric gravitational theory enters through the background evolution and the Poisson equation for Ψ. One can generally parametrize the modification of the Poisson equation as
which yields the spherical collapse equation
Interpreting the gravitational modifications as an effective fluid with energymomentum tensor T One can further define the comoving top-hat radius r th with ζ(a i ) = a i r th at an initial scale factor a i ≪ 1 and y ≡ ζ/(a r th ), where mass conservation,ρ m a 3 r 3 th = ρ m ζ 3 , implies ρ m /ρ m = y −3 . This yields
which is typically solved by setting initial conditions in the matter-dominated regime with y i ≡ y(a i ) = 1 − δ i /3 and y
It is worth noting that in modified gravity models, Birkhoff's theorem can be violated, causing a shell crossing and departure of the overdensity from its initial tophat profile over time. 128, 129 Nevertheless, the top hat still provides a good approximation if additionally accounting for the evolution of the surrounding environmental density with an analogous relation to Eq. (35) and its impact on G eff .
63, 130-132
A useful quantity to define for the description of nonlinear structure formation is the spherical collapse density δ c (z), the extrapolation of the initial overdensity δ i leading to collapse in Eq. (35) at redshift z with the linear growth factor D/D i ≡ δ lin /δ i . D is obtained from solving Eq. (34) in the linearized limit that is time dependent only in GR but can be both time and scale dependent in modified gravity models. To avoid a scale dependence entering through the extrapolation, one may adopt the GR linear growth factor. Importantly, it is really the initial overdensity δ i that is the relevant quantity for structure formation, which allows one to define this effective extrapolation in this computationally more convenient manner as long as the same extrapolation is also adopted for comparable quantities such as the variance of the linear matter power spectrum. With δ c one can then model modified cluster properties such as concentration, 63, 133 halo bias, 63, 126 cluster profiles, [133] [134] [135] [136] or the halo mass function, 63, 126, 130, 132, [137] [138] [139] [140] [141] and similar computations can also be performed for modified void properties. 142, 143 Those quantities can then be combined in the halo model [144] [145] [146] to compose the modified halo model power spectrum 63, 126, 137, 139, 147 in the deeply nonlinear regime (also see Ref. 148 for a related approach that can be mapped 63, 132 and Ref. 125 for a review). The one-halo term can also be combined with higher-order perturbations to improve accuracy on quasilinear scales (Sec. 2.3.1). For higher efficiency in the modeling of cluster properties and the halo model power spectrum, one may also consider the direct parametrization of δ c instead of using G eff in Eq. (33) . Some fitting functions are, for instance, available for f (R) gravity.
129, 147, 149
It should be noted that at deeply nonlinear cosmological scales baryonic effects become important and need to be accounted for in the comparison of model predictions to observations. Usually, fitting functions are adopted for this that have been matched to observations and hence may conservatively also be used to model the gaseous and stellar components in modified gravity. With improved physical description, 149, 150 however, the baryonic effects may themselves be used as test of gravity 151, 152 or to discriminate between universal and matter-specific couplings. Alternatively, statistical techniques can be applied such as a density weighting in the matter power spectrum that break degeneracies between baryonic effects, the variation of cosmological parameters, and modified gravity signatures that may even be unscreened by the statistic.
153
A general parametrization of G eff in the spherical collapse equation (35), embedding the variety of screening mechanisms encountered in modified gravity theories, has been proposed in Ref. 41 . The parametrization is modularly built from transitions in the effective gravitational coupling of the form
which has the limits
Here, r 0 denotes the screening scale, a determines the radial dependence of the gravitational coupling in the screened regime c together with the interpolation rate b between the screened and unscreened G eff . The form of the transition in Eq. (36) is motivated by the screening profile of the Vainshtein mechanism in DGP gravity, where the expression becomes exact. While the range of screening and suppression mechanisms in literature can be mapped onto Eq. (36), 41 one may alternatively wish to adopt other transition functions instead.
For some models there are multiple transitions in G eff such as the screening regime on small scales and the Yukawa suppression on large scales encountered in chameleon models. For general modifications of gravity therefore, one may consider the combination
with integers i, j > 0. The parameter A describes the relative deviation to the gravitational constant in the fully screened regime, which can be different from unity for modified gravity models, whereas B i denotes the enhancement in the fully unscreened limit of a particular transition. The effective modification can be implemented in the spherical collapse model with the replacement r → ζ = a r th y and y 0 ≡ r 0 /(a r th ) in Eq. (38) , defining the G eff of Eq. (35), which yields
for one element in Eq. (38) . A single general element N 0 = N 1 = 1 can then be modeled by seven parameters p 1−7 in addition to p 0 = A, where
and the dimensionless screening scale is given by
For p 7 = 0 an environmental dependence enters such that y is solved for the collapsing halo y h and for its environment y env . The parametrization is general enough to allow a mapping of chameleon, symmetron, Vainshtein, and k-mouflage screening as well as Yukawa suppressions or linear shielding with simple analytic expressions for p 1−7 that are determined by the model parameters (see Ref. 41 ). For instance, p 2 is given by a Brans-Dicke coupling, or more generally the unscreened modification that can be matched to the linear µ of PPF or EFT in Sec. 2.2.2. Furthermore, p 4 includes a dependence on cosmological parameters, usually p 5 = −1, p 6 = 0 for DGP and p 7 = 0 for chameleon models. Using the scaling method of Ref. 102 one further finds that the radial dependence of G eff in the screened limit is determined by a particular combination of the powers of the second and first derivative terms, s and t, and of the derivative-free terms u dominating the scalar field equation in this regime as well as the dimensionality of the matter distribution v, ∆G eff /G ∼ r (3s+2t+u−v)/(s+t+u) .
41
Hence, these powers determine p 3 = (3s + 2t + u − v)/(s + t + u) and can in principle directly be read off from the action of a theory.
102
The parametrization in Eq. (38) enables a generalized computation of the spherical collapse density δ c in modified gravity or dark sector models from which cluster properties and the halo model matter power spectrum may be computed. It is worth noting that one can for instance use Eq. (41) to map δ c from one set of parameters to another, which may be used to build a direct parametrization of δ c . One may also use Eq. (38) in N -body simulations, employing techniques such as developed in Refs. 154 or 155.
Parametrized Post-Newtonian Formalism
Model-independent tests of gravity have very successfully been conducted in the low-energy static regime, where a post-Newtonian expansion can be performed and parametrized for generalizations of the gravitational interactions. Many stringent constraints on departures from GR have been inferred in this limit, particularly from observations in the Solar System. The formalism is, however, not suitable for cosmology, where the evolution of the background needs to be accounted for, a problem that has been addressed with the frameworks discussed in Sec. 2 (also see Sec. 4). Moreover, the screening mechanisms motivated by cosmological applications also introduce further complications in this low-energy static expansion. Sec. 3.1 briefly reviews the post-Newtonian series and Sec. 3.2 presents its parametrization for generalized tests of gravity. Sec. 3.3 discusses how screening mechanisms can be incorporated in the formalism. Finally, a parametrization of gravitational waveforms inspired by PPN is briefly discussed in Sec. 3.4.
Post-Newtonian expansion
Slowly evolving weak-field gravitational phenomena are well described by the lowenergy static limit of GR, a regime particularly applicable to Solar-System tests of gravity. 9, 10 The metric of such a system can be expanded in orders d of (v/c) i with h (i) µν , neglecting cosmological evolution and assuming an asymptotic Minkowskian limit such that
The virial relation determines the order of the Newtonian potential U ≈ O(2). The matter density for a perfect non-viscous fluid ρ is of the same order, which follows from the Poisson equation. The pressure in the Solar System is of the order of the gravitational energy ρ U and the specific energy density Π is of that of U . Hence, for the energy-momentum tensor, one finds to fourth order,
With the system slowly evolving in time, it holds that d/dt = ∂ t + v · ∇ ≈ 0, which indicates that spatial derivatives are an order lower than time derivatives. Adopting d For clarity the speed of light c is kept stated explicitly here to emphasize the dimensionless counting of orders in the velocity although c has generally been set to unity (Sec. 1).
the standard post-Newtonian gauge with diagonal and isotropic metric, one finds for GR the conditions
where the relations can change for modified theories of gravity. The components of the Ricci tensor R µν are to fourth order
and to second order
With the Einstein equations R µν = 8πG(T µν − 1 2 g µν T ) one finds at second order from
00 = 4πGρ, where the Newtonian potential can be defined as U ≡ h (2) 00 /(2G). Employing the gauge condition (46) and using that T ij = 0 at second order, yields
ij and, hence, h
0j one obtains
with the gauge conditions (46) and (47) . Eq. (51) is solved with the Green's function for the Poisson equation and by defining the post-Newtonian potentials
such that h
This follows from employing the identity
obtained from the vanishing of the total time derivative with ρ ′ ≡ ρ(x ′ , t) and v
with the definition
Incorporating screening mechanisms
Because of the linearization of the field equations in the post-Newtonian expansion, the nonlinear interactions that cause the screening effects are removed, which precludes a simple direct mapping of the screened models to the PPN formalism and the straightforward comparison to observational parameter bounds. Expansions based on such transformations can, however, be mathematically involved for more complex gravitational theories and the method has not been extended to large-field screening like the chameleon effect. A unified, more systematic, and efficient method for determining the effective field equations dominating in regimes of derivative or large-field screening or no screening was developed through a scaling approach in Ref. 102 , where the post-Newtonian expansion to order (v/c) 4 for scalar-tensor theories with Vainshtein and chameleon screening implementing this method was presented in Ref. 12 . Further applications to k-mouflage, linear shielding, or a Yukawa suppression can be found in Ref. 41 .
Screening mechanisms may be incorporated in the PPN formalism following two different approaches:
102 either by an extension of the formalism through introducing new potentials; or by promoting the PPN parameters to functions of time and space. In the second approach, the parameters in Eqs. (59)- (61) become functions of the coordinates with G being replaced by an effective gravitational coupling G eff and the parameter ξ introduced by preferred location effects with the spatially dependent expansion being promoted to a matrix ξ ij to accommodate the screened models.
12
More precisely, for chameleon and cubic Galileon models, Ref. 12 finds
where α is the scaling parameter, 12, 102 relating the mass scale introduced with the new field to the Planck mass. The parameters q and p denote the orders of the two simultaneous expansions in α and in (v/c), respectively, with the leading orders q = −1/2 and p = 1 for the cubic Galileon model and q = 1/(1 − n) and p = 2/(n − 1) for chameleon models with Jordan-frame potential α(φ − φ min ) n . Furthermore,
0 , where φ 0 is the background scalar field and ψ is its perturbation, solved by the corresponding perturbation equations. In particular, we note the recovery of the GR result γ = 1 in the screened limit α → ∞ for the cubic Galileon and α → 0 for the chameleon model (as well as the GR results G eff = G (0) , β = 1, and ξ ij = 0). This is because of α q → 0 in Eqs. (62)- (65) for the corresponding values of q in the two models. The parameter value for β in BransDicke gravity is represented by β BD . Furthermore, β Scr = β Cubic or β Scr = β Cham are additional terms that contribute for the cubic Galileon and chameleon models, respectively, where
The new potentials introduced in Eqs. (65) 
where g , which thus vanish in the screened limit α → ∞.
Parametrizing gravitational waveforms
From the measured change in the orbital period of binary pulsar systems due to the energy loss through gravitational wave emission one can infer an upper bound on the self-acceleration of the center of mass from violation of momentum conservation, which constrains the PPN parameter ζ 2 .
10 Binary pulsars, however, only constrain the lowest two orders of a parametrized expansion of the gravitational waveform.
51
In the same spirit as the PPN formalism, a parametrized post-Einsteinian (ppE) framework was introduced in Ref. 47 to parametrize the effects of departures from GR in the dynamical strong-field regime on the gravitational waveforms from the binary coalescence of compact objects with
where u ≡ (πMf ) 1/3 with chirp mass M and frequency f . The GR waveform is reproduced when the parametersᾱ j andβ k vanish. A particular subclass of the ppE framework is the generalized inspiral-merger-ringdown waveform model 48 recently used by the strong-field tests of GR by LIGO, 51, 52 where parametrizations of departures from GR are restricted to fractional changes in the parameters that determine the gravitational wave phase,
with total massM , symmetric mass ratio η = m 1 m 2 /(m 1 + m 2 )
2 , and i-th order post-Newtonian GR phase φ i . The connection of the ppE framework and the generalized inspiral-merger-ringdown waveform model with the parametrization of modified gravitational wave propagation in Sec. 
2 /d ln a and that kβ k u k is determined by an integration over c T andμ (see Ref. 55) . Particularly, for only time-dependent modifications, it follows thatᾱ j =β k = 0 except for non-vanishingᾱ 0 andβ ±3 . This implies that the deviation in c T is of fourth post-Newtonian order,μ of O(1), and ν of O(0). Furthermore, the modification δΦ gIMR is equivalent to that found for kβ k u k with ν being irrelevant due to the absence of a modification of amplitude in the parametrization.
An interesting open problem is the incorporation of screening effects in the modifications of the gravitational waveform. One approach was recently proposed in Ref. 12 , based on the post-Newtonian expansion of Refs. 49 and 50, which compute the gravitational waveform for a compact binary system in scalar-tensor gravity to post-Newtonian order (v/c) 4 . After casting the Einstein equations into a relaxed form together with harmonic gauge conditions, those are solved as a retarded integral over the past null cone, whereby the integral is split into a near-zone and radiation-zone part. [160] [161] [162] To first approximation the effects of modified gravity are screened in the near zone and only enter in the radiation zone and through the boundary conditions.
Further parametrizations
Besides the PPF, EFT, PPN, or ppE formalisms, there are a range of further parametrization frameworks that have been developed for astrophysical tests of gravity. A few of those alternative approaches shall be briefly discussed here.
The PPN formalism neglects the evolution of the cosmic background and assumes asymptotic flatness, hence, it needs to be adapted for cosmological applications. Such an extension is provided by the parametrized post-Newtonian cosmology 43 (PPNC) framework that is based on four free functions of time. Thereby the post-Newtonian expansion is adopted for small regions of space and then patched together to determine the cosmological large scales. This is accomplished by performing coordinate transformations with local scale factors that are associated with a global scale factor employing an appropriate set of junction conditions. Four free functions of time {α, γ, α c , γ c } are then introduced to describe modifications of the Poisson equation of the gravitational potentials Φ and Ψ up to (v/c) 3 . Hereby, γ and α can be linked to the PPF parameters in Sec. 2.2.2 but also to the PPN parameters in Sec. 3.2. A number of dark energy, scalar-tensor, and vector-tensor theories can be described by the formalism. However, the framework so far does not provide a relativistic completion nor a description for Yukawa interactions or screening mechanisms.
A more direct analogy to the post-Newtonian formalism for relativistic cosmology than the frameworks discussed in Sec. 2 is given by the post-Friedmannian formalism of Ref. 44 , where the expansion of the metric is performed in inverse powers of the light speed in a cosmological setting in Poisson gauge (also see Ref. 163 for an application). After some field redefinition and applying the linearized Einstein equations, the formalism reproduces linear cosmological perturbation theory, thus providing a link between the post-Newtonian limit on small scales and the large-scale structure. A parametrization of the gravitational modifications in the formalism has yet to be developed.
An analogous approach to the effective field theory of dark energy and modified gravity (Sec. 2.2.3) was conducted for the perturbations of a static spherically symmetric system in Ref. 164 . Thereby the ADM spacetime decomposition was employed for a 2 + 1 + 1 canonical formalism that separates out the time and radial coordinates. The effective action was then built from scalar quantities of the canonical variables of this spacetime foliation and the lapse, which encompasses scalar-tensor theories of gravity. Ref. 164 derived three background equations that can be used for the generalized study of screening mechanisms as well as the linear perturbations around this background for stability analyses.
Finally, a unified parametrization covering chameleon, dilaton, and symmetron models on large and small cosmological scales as well as in Solar-System and laboratory tests was introduced in Ref. 32 . It uses the cosmological time variation of the mass m(t) of the scalar field φ and its coupling β(t) at the minimum of its effective potential V eff (φ). The starting point is the scalar-tensor action in Ein- Parametrizations 29 stein frame with L φ = −(∇φ) 2 /2 − V (φ) and a conformal factor A(φ) defined by g µν = A 2 (φ)g µν , whereg µν denotes the Einstein frame metric. The scalar-field equation in the presence of pressureless matter is φ = βρ m + dV /dφ with
where M Pl denotes the bare Planck mass. This defines an effective scalar field potential V eff = V (φ) + [A(φ) − 1]ρ m with
where ∇ 2 φ = V eff,φ and φ min is the minimum of the potential V eff . Appropriate choices of m(φ) and β(φ) recover the chameleon, symmetron, and dilaton models. Screening occurs in the regime |φ ∞ − φ c | ≪ 2β(φ ∞ )M Pl Ψ, where φ c and φ ∞ are the scalar field values in the minima inside and outside of a body. For m 2 ≫ H 2 , the scalar field also remains at the minimum in the cosmological background such that its cosmological evolution is given by dφ/dt = 3HβAρ m /(m 2 M Pl ). This allows one to reconstruct the scalar-tensor Lagrangian from m(t) and β(t). 
where φ i is the initial scalar field value at a i , one finds 
Spherical collapse, halo model, and cosmological N -body simulations in this unified approach have been studied in Refs. 165 and 124. While the approach covers screening effects that operate at large Ψ, it does not cover k-mouflage or Vainshtein screening operating through derivatives of Ψ.
Summary & Outlook
Intensive efforts have been devoted to the development of generalized frameworks that enable the systematic exploration and testing of the astronomical and cosmological implications of the wealth of proposed modified gravity, dark energy, and dark sector interaction models. This article reviewed a number of different formalisms devised for this purpose. In the low-energy static limit of gravity, the PPN expansion has been highly successful in conducting model-independent tests of gravity and inferring stringent constraints on departures from GR, mainly from observations in the Solar System. An overview was presented of the post-Newtonian expansion, its parametrization, and extensions developed to incorporate the screening mechanisms motivated by cosmological modifications of gravity.
In cosmological settings the PPN formalism is not suitable as the expansion of the background needs to be accounted for. With the objective of imitating the success of PPN, a number of cosmological counterpart frameworks have been developed, generally commonly referred to as PPF formalisms. These aim at consistently unifying the effects of modified gravity, dark energy, and dark sector interactions on the cosmological background evolution and the formation of linear and nonlinear largescale structure. This includes parametrizations of the equation of state, the growth rate of structure, closure relations for cosmological perturbation theory, EFT, generalized perturbation theory, interpolation functions between linear and nonlinear regimes as well as phenomenologically parametrized screening mechanisms.
The new era of gravitational wave astronomy facilitates further powerful tests of gravity. Modified gravity and novel interactions can manifest both through cosmological propagation effects or in the emitted gravitational waveforms. A parametrization formalism for the propagation effects has been reviewed and formalisms inspired by PPN for the parametrization of modified waveforms has also briefly been discussed. It has also been described how these formalisms can be connected to EFT and PPF.
The PPN and PPF formalisms are generally separated frameworks. It, however, seems feasible to undertake more general steps towards a unified parametrization for gravity and dark entities suitable to all scales and types of observations. More specifically, if restricting to scalar-tensor theories of the chameleon, dilaton, or symmetron types a unification can be realized through a parametrization of the cosmological time variation of the mass of the scalar field and the coupling at the minimum of its effective potential. 154 This reconstructs a Lagrangian that can be used to connect the different parametrization frameworks as it encapsulates the full nonlinear freedom of these models, enabling applications to cosmology, the low-energy static limit as well as gravitational waves and laboratory tests. More generally, focusing on a new scalar degree of freedom a unification can in principle be achieved 41 by performing a reconstruction 119, 166 of general scalar-tensor theories from the linear EFT functions, which can then be connected to nonlinear PPF frameworks as well as the PPN and waveform formalisms. Further approaches to unifying PPN and PPF such as with PPNC or a post-Friedmannian expansion have also briefly been inspected. Completing the development of a global framework for tests of gravity and the dark sector is subject to current research. Applications of such a framework promise to remain a very interesting and active field of research over the next decades with the wealth of high-quality observational data becoming available for tests of gravity, spanning a wide range of scales and encompassing a great variety of observational probes.
